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AN APPLICATION OF A GROUP OF ORDER 16 TO A CONFIGURATION 

ON AN ELLIPTIC CUBIC* 

By Arnold Emch. 

1. Introduction. Let P be a point on a cubic d, a, b two distinct 
tangents from P to the d with the points of tangency A and B. From A 
let there be a line an', distinct from a, intersecting the d in the points 1 
and 1'. Let the joins bu' and bi'i of B with 1 and 1' intersect the Cs in 
2' and 2, respectively; then, as is well known, A, 2 and 2' are on the same 
line a22'. Two points A and B on a cubic are called a Steinerianf couple, 
when the tangents a and b at those points meet in a point of the same cubic. 
The cubic may now be generated by two projective quadratic pencils of 
lines with a self corresponding common line. Denoting this line by p 
and letting the letters denoting the lines also represent the left-hand sides 
of the linear equations of the lines, we write the equations of the two pro- 
jective quadratic pencils with the parameter X generating the cubic in the 
form 

rriab' • ap + Uab • y^au'da' = 0, 

(1) 

bp + 'S.bii'bii' = 0, 

where m„6', Uab' are constant factors whose ratio is uniquely determined 
by the given cubic. In fact the equation of the cubic generated by (1) is 

(2) niab' • abii'b2i' — nj • baxx-ai^- = 0. 

If P is on an elliptic cubic, we can draw four tangents o, b, c, d from P to 
the cubic with the points of tangency A, B, C, D. With these as vertices 
of projective quadratic pencils of the form (1) we can generate the cubic 
in six different ways. Making use of the theorem} that a polynomial 
<j>ixi, Xi, Xz) contains another polynomial )^(xi, x^, Xs), which is irreducible, 
as a factor, or, except as to a constant factor, is identical with it, if <f> 
vanishes for all sets of values Xi, x^, Xz for which y}/ vanishes, from the 
twelve forms of the equation of the cubic resulting from those projectiv- 
ities, we can establish a certain configuration of 48 lines. These are ob- 
tained from three definite ones of this configuration by the 16 substitu- 
tions of a group§ of order 16 with 15 subgroups of order 2. This group 

•Read before the American Mathematical Society at Chicago, April 21, 1916. 

t Clebsch-Lindemami, Voriesungen liber Geometrie, vol. I, pp. 616 (1876). 

t Netto, Voriesungen iiber Algebra, vol. 2, theorem IX (see also X), pp. 23-24 (1900). 
§ I am indebted to Prof. G. A. Miller for information concerning this group. 
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is represented by all couples of sets of four elements formed between the 
two groups of four sets each, i. e., 

12 3 4 1' 2' 3' 4' 

2 14 3 2' 1' 4' 3' 

3 4 12 3' 4' 1' 2' 

4 3 2 1 4' 3' 2' 1'. 

Each couple consists of two sets, one from each of these groups. All of 
these substitutions except the identity are of order 2. For example, from 
the substitution 

/I 2 3 4 1' 2' 3' 4' \ 

~V3 4 1 2 2' 1' 4' 37 
we get S^ = 1. 

It is the purpose of this paper to establish this configuration of 48 
lines explicitly by the indicated method. 

2, The twelve equations representing the cubic. Let A, B, C, D he a 
Steinerian quadruple formed by the points of tangency of the four 
tangents a, b, c, d from a point P on an elliptic cubic Cs to this cubic. 
Through A draw a line intersecting Cz in the points 1 and 1'. Let the 
joins 6i2' and bi'2 of B with 1 and 1' intersect C3 in 2' and 2, so that their 
join O22' passes through A (Fig.). For the sake of simplicity of the 
construction A may be chosen as the infinite point of the Cs, without loss 
of generality, so that a is an asymptote. Let the joins C23' and C2'3 of 
C with 2 and 2' intersect C3 in 3' and 3. Again the join ass' of 3 and 3' 
will pass through A. Finally let the joins da' and d2'i of D with 2 and 
2' intersect the Cs in 4' and 4, so that the join an' of 4 and 4' also passes 
through A. From the theory of Steinerian quadruples it is well known* 
that the joins 634' and 63-4 of B with 3 and 3' pass through 4' and 4; the 
joins C14' and Ci'4 of C with 1 and 1' pass through 4' and 4; and the joins 
du' and di's of D with 1 and 1' pass through 3' and 3, respectively. From 
the Steinerian quadruple A, B, C, D we can choose six couples of two 
points each as vertices of quadratic projectivities by which the Cs may 
be generated. Each of these projectivities may be written in two dif- 
ferent forms. Thus, the projectivity with A and B as vertices, may be 
written in either of the forms, which we denote by (AB)' and (AB)" 
respectively, (see (1)) 

r niab' • ap + Uab • Xaii'a22' = 0, 
(4) (AB)'] 

I bp + X6i2'bi'2 = 0, 

* Emch, Introduction to Projective Geometry, pp. 201-204. 
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and 

(5) 



(AB)" 



triab" • ap + nab" -y^a^'aw = 0, 



bp + 



'Kbzi'biz' = 0. 



Denoting the five remaining projectivities in a similar manner by {BC)', 
(BC)"; (CD)', (CD)"; etc., and forming in every case the equation gen- 



Coa'a 



*«' 




(6) 
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erated by the projectivity, the following table of the twelve identical 
forms of the cubic is obtained: 

(AB)' = niab • abi2'hi'2 — nj • ha^i'an' = 0, 

(AB)" = niab" • abn'bs'i — riab" ■ bau'Ozs' = 0, 

(BC)' = rribc ■ hcwd'z — nj/ • chzi'hit' = 0, 

{BC)" = rribc" • bcti'd'i — UbJ' • cbn'biz' — 0, 

{CD)' = nicd ■ cdi3'di'2 — ricd • dc23'Cu' = 0, 

(CD)" s rricd" • cd3i'd2'i — nj' • dcu'C32' = 0, 

(AD)' = Mad' • adzi'dz'i — nu • da-^vazz' = 0, 

{AD)" = vfiad" • ad2i'd2'i — Had" • dau'a2i' = 0, 

(AC)' = rriac' • acu'Ci'i — Uac' • can'au' = 0, 

{AC)" = Mac" • aCz2'Cz'2 — Uac" ■ Ca22'azz' = 0, 

{BD)' = nibd • bdiz'di'i — Ubd • dbtz'bu' = 0, 

{BD)" ^ mbd" ■ bdu'di'z - Ubi' • dbzt'bii' = 0. 

Consider now the two equations generated by the two projectivities 
{AB)' and {AC)', characterized by the common vertex A. Writing 
the two equations in the form <t>' — ip' = 0, <f>" — ^" = 0, we get the 
equation <^V' — <^'V = 0. This sextic is necessarily reducible, and 
contains the given Cz as a part and some other cubic Cz*. From the 
equations, {AB)' and {AC)', it is apparent that o and an' are parts of 
Cz*, so that, after dropping a and an', there remains the quartic 

(7) {AB)'{ACy = mj^ab • 6a22'Ci4'Ci'4 — mabUac' ■ caii'bi2'bi'2 = 0. 

By the symbol {AB)'{AC)' the process is indicated by which this quartic 
was obtained. This quartic contains the given Cz as a part so that the 
remainder is a line. From (7) it is seen that it passes through the four 
points of intersection of 612' and Ci'4 (symbolically (b^'Ciu)); similarly 
through (6i'2Cu')) Qxi'U'), {ca2i')> which are not on the cubic. These 
four points are therefore coUinear. In a similar manner we obtain 
eleven other quartics, each containing the given C3 and a line, represented 
by the processes {AC)'{AD)', {AD)'{ABy, {AB)'{ACy', {AC)"{AD)", 
{AD)"{ABy, {AB)"{AC)", {AC)"{ADy, {ADy{AB)", {AB)"{ACy, 
{AO'{ADy', {AD)"{ABy'. In this manner, keeping A fixed, we obtain 
12 lines. Likewise for each of the other points B, C, D of the Steinerian 
quadruple 12 other lines are obtained. From the three equations 
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(AB)', (AC)', (AD)' in (6), and the cyclic arrangement of the processes 
{ABYiACy, (AC)'(AD)', {ADYiAB)' we get the three quartics: 

{ABYiACy = THac'riab ' 6022'Cl4'Cl'4 — TOaft'TCa/ " Cau'bn'bl'i == 0, 

(8) (ACyiAD)' = madnj ■ cawdxz'di'z — mjnj • daa'cwcx'^ = 0, 

{ADy{AB)' = mab'nad ■ da33'&i2'&i'2 - maJnab • ha^i'dn'di'z = 0. 

When the first, second and third of these equations in the same order are 
multiplied by Uad • dass', nab • ha^', nj ■ 0044', and added, their sum 
vanishes identically. Denoting the polynomial representing the given 
cubic Ci by ^ and the lines contained in the quartics (8) in the same order 
by the symboUc linear expressions a, jS, 7, we have, after this multiplica- 
tion and addition, 

(Uai ■ dazz'a + nJ • hai.t'^ + nJ • can"Y)<f> = 

identically. But since + 0, we necessarily have 

(9) riad' ■ dazi'a + Uab • ba^i'P + riac' • cau'y = 0. 

From (8) it is easily seen that on each of the lines a, /3, 7 are four col- 
linear points; on 

«: (bu'Ci'i), (bi'2Cu'), (buu'), {can'); 

(10) &: (cu'di'a), (ci'4di3'), {cazz'), {dan'); 

7: (dis'&i'z), (di'3&i2')) {dan'), (bass'). 

In (9) the point of intersection of a and |8 does not lie on 044', since, accord- 
ing to (10), a cuts a44' in (&a44'), and |8 cuts a44' in {dan'). Neither does 
it lie on c, since a cuts c in (0022')) ^nd 13 cuts c in {ca^z'). Hence, as (9) 
vanishes identically, the point of intersection of a and ^ must lie on 7; 
i. e., a, |8 and 7 are concurrent. 

It is noticed that each of the three equations represented by {AB)', 
{ACy, {AD)' from which the three lines (10) were obtained had the line 
an' in its structure. The signature 11' may therefore be considered as 
characteristic of these concurrent lines. In a similar manner, with the 
signatures of all other of the 16 lines, different from a, b, c, d, which with 
these determine the six quadratic projectivities, are associated three con- 
current lines, so that altogether again the 48 lines, determined above, 
result. 

3. Explicit representation of the configuration of the 48 lines by means of the 
group of order 16. Keeping in mind that to the letters a, b, c, d are 
attached in the same order the signatures 11', 22', 33', 44'; 12', 1'2, 34', 
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3'4; 14', 1% 23', 2'3; 13', 1'3, 24', 2'4 as subscripts, the complete table 
of the 48 lines is obtained by applying the 16 substitutions of the group 
(3) to the three lines with the signature 11', which shall be represented by 
the identical substitution. In this table we write below each substi- 
tution, the signature of the three concurrent lines, the processes by which 
they were obtained and the four points on each of the three lines. 



11' 



33' 



44' 



12' 



{I 



(ABYiACy 

(ACYiADY 

[{ADYiABY 



22' - 



(ABYiACY': 

(ACY'iADY' 

[{ADY'iABY: 



2 
2 



3 
3 



4 
4 



\{BAY(BDY': 
21' \ (BDY'iBCY': 

[{BCY'iBAY: 



(bii'Ci'i), 
(cii'di'a), 
{du'bi'2), 



(l 2 
V2 1 



3 

4 



4 
3 



(&21'C2'3), 
(C23'd2'4), 
(d24'b2'i), 



{I 



2 
4 



3 
1 



4 
2 



-{ABY'iACY': 
(ACY'iADY: 
(ADYiABY': 



iABYiAC)': 

(ACYiADY': 

(ADY'(ABY: 



(BAY(BDY 

(BDY(BCY 

[(BCY(BAY 



(&34'C3'2), 
iC32'd3'l), 

idsi'bs'i), 



(1 



2 
3 



3 
2 



4 
1 



(bis'Ct'i), 
ic4i'di'i), 
idii'bi'i), 



(; 



2 

2 



3 
3 



4 

4 



iaii'd2'i), 

idl3'C2'3), 
(Cl4'a22')> 



il 



2 
1 



3 

4 



4 
3 



(a22'di'z), 
(d2i'Ci'i), 
(c23'ai'i), 



1' 
1' 



2' 

2' 



3' 
3' 



(&l'2Cl4')> 

(ci'idu'), 
(di'sbn'), 

1' 2' 3' 
2' 1' 4' 

(&2'lC23')) 
(C2'3d24')> 
(d2'ib2l'), 



r 

3' 



2' 

4' 



3' 
1' 



(&3'4C32')> 
(C3'2d3l')) 
(Ci3'lfc34')) 

1' 2' 3' 

4' 3' 2' 

(64'3C4l')> 
(C4'ld42')) 
((^4'2fc43')) 



1' 

2' 



2' 
1' 



3' 

4' 



:). 



(ban'), 
(ca33')> 
(da22'). 



;)> 



(baas'), 
icau'), 
(dan'), 



4' 
2 



')■ 



(ba22'), 
(can'), 
(dau'). 



t:). 



(ban'), 
(ca22'), 
(dan'). 



4' 
3 



;)■ 



(a22'di3')> 

(d2'4Cl4')) 

(c2'3aii')) 

1' 2' 3' 
1' 2' 3' 

(ai'id2i'), 
(di'sCis'), 
(ci'-ia22'), 



(abii'), 
(dbu'), 
(cb2i'), 



:). 



(abzi'), 
(dbis'), 
(cbi2'), 



(ca22'), 
(da^'), 
(ba33'); 



(can'), 
(da33'), 
(6044'); 



(CO44'), 
(da22'), 
(ban'); 



(ca33'), 
(dan'), 
(ba22'); 



(db2i'), 
(C643'), 
(a&34'); 



(dbi2'), 
(cb3i'), 
(abt3'); 
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({BAY'iBDy: 
34' \ (BDYiBCy: 
[(BCYiBA)": 



43' 



14' 



41' 



32' 



13' 



{(BAyiBD)': 
(BDYiBCy: 
{BCY'iBA)': 



■{CDYiCAY 
{CAYiCBY 
(CBYiCDY 



(CDYiCAY: 
(CAYiCBY': 
(CBY'(CDY: 



23' ■ 



12 3 4 
.3412 

(033 '^4 '2), 
(dii'Ci'i), 

(C32'ai'i), 

'12 3 4 
,4321 

(ciu'ds'i), 
idn'C3'2), 
iCii'aa'i), 



iCDYiCAY': 
iCAY'iCBY': 
[iCBY'iCDY: 



iCDY'iCAY': 
iCAY'iCBY: 
[iCBYiCDY': 



iDCYiDBY 

iDBYiDAY 

[ iDAYiDCY 



'12 3 4 
,12 3 4 

idii-a^'i), 
ion'bi'i), 
ibu'di'2), 

'12 3 4 
,4321 

(dit'Oi'i), 
(au'bi'i), 
(bii'di'i), 

a 2 3 4 
^2143 

(dn'az'z), 
(aM'bz'i), 
(bii'ds'i), 

fl 2 3 4 
U 4 1 2 

(a3i'a22')> 

(033'&2'l), 

(bu'diu), 



( 



12 3 4 
12 3 4 

(cu'bi'i), 
ibu'az'z), 
ian'Cz'i),' 



r 2' 3' 

4' 3' 2' 

(a4'4a3i'), 
idi'iCii'), 

(C4'l033')> 

1' 2' 3' 
3' 4' 1' 

ias'adiz'), 
ida'iCii'), 

iC3'2(li4'), 

1' 2' 3' 
4' 3' 2' 

idi'^an'), 
iatubii'), 

(&4'3dl3')) 

1' 2' 3' 
1' 2' 3' 

idi'iow), 
iai'ibii'), 
ibi'idii'), 

1' 2' 3' 
3' 4' 1' 

(d3'l022')> 
(as'3&2l')) 

ib3'id2i'), 

r 2' 3' 

2' 1' 4' 

(d2'4a33')> 
(02'2&34')> 

ih'idzi'), 

r 2' 3' 

3' 4' 1' 

(C3'26l2')> 
(&3'4ail')> 
(03'3Cl4')> 



t:). 



(0&21')) 

(d6i2'), 
(C643'); 



4' 
2 



:). 



(a5i2'), 
idb2i'), 

(C&34'). 



?). 



(dc4i'), 

(0C32')> 
(6C23'). 



:). 



idcu'), 
iac23')t 

ibC32'), 



')' 



idC32'), 

iaca'), 
ibcn'), 



')' 



idC23'), 

iacu'), 
ibcii'), 



:)■ 



(Cd42')» 

ibd3,'), 
iad2i'), 



idb i3'), 
icb2i'), 
iabn'); 



(dbii'), 
icbu'), 
iab2i'); 



iac23'), 
ibCii'), 

idc32'); 



(aC32')» 

(bcu'), 
ide23') ; 



iacu'), 

ibC32'), 

idcii') ; 



(0C41'), 
(&C23'). 
(dcuO; 



(M24'); 
iadi2')> 
icdzi'); 
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/I 2 3 4 

V3 4 1 2 


1' 2' 3' 
1' 2' 3' 


1:). 




'{DC)"{DB)": 

{DB)"{DA)': 

^ {DAY {DC)": 


(C32'fcl'2), 

{bu'ai'i), 
{a33'Ci'i), 


(Cl'4&34')> 
(&l'2a33')» 
(Ol'lC32')> 


{cdn'), 
{bd,3'), 
{ad42'), 


{bdu'), 
iad2i'), 
{cdi3'); 




/I 2 3 4 
V2 1 4 3 


1' 2' 3' 
4' 3' 2' 


1'}' 




■{DO'{DBY': 

{DBY'{DA)" 

. {DAY'{DCY: 


(C23'fc4'3), 

: {b2i'ai'i), 

(a22'C4'l), 


(C4'lb2l'), 
(64'3022')) 
(a4'4C23'). 


{cdii'), 

(6d42'), 

{adi3'), 


{bdn'), 
{adii'), 
{cdi2'); 




/I 2 3 4 
\4 3 2 1 


1' 2' 3' 

2' 1' 4' 


4'\ 

3';' 




-{DCY'{DBY: 
{DBY{DA)": 
{DA)"{DO': 


(C4l'b2'l), 
(643 '02 '2), 
(044'C2'3), 


(C2'3i'43'). 
(b2'ia44')) 
(02'2C41')» 


{cdi3'), 
{bd,4'), 
{adsi'), 


(6rfai'), 
{adi3'), 

{cdu'); 



42' 



4. Discussion of the configuration. The foregoing table contains 96 
distinct points through which the 48 Unes pass. Through each of these 
points two of the lines pass. The 48 lines in 16 sets of three are concurrent, 
so that they pass through 16 other fixed points in triplets. Of the 96 
points 48 are formed by intersections of the 16 lines forming the pro- 
jectiyities. The other 48 points are formed by the intersections of the 
tangents a, b, c, d with the same 16 lines. In the figure only one of the sixteen 
sets of concurrent lines is shown; it corresponds to the set with the sig- 
nature 43' and the three lines are denoted by ai, /3i, ji. The remaining 
fifteen sets may also be constructed without difficulty. They have been 
omitted in order not to overload the figure. 
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